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INTRODUCTION

Geometry is a fundamental concept that mathematics teachers must master, as it plays a
significant role in developing students’ critical thinking, problem-solving, and logical reasoning skills
(Alhogbi et al., 2018; Elshabasy et al., 2021; Fauziyah et al., 2023). Within the broader field of
geometry, non-Euclidean geometry stands out as a complex yet intellectually stimulating topic
(O’Rourke et al., 2020; Fitriani et al., 2023; Lagones & Alonso Ishihara, 2024; Ruiz & Gallagher,
2025). It offers a unique way to challenge long-held assumptions rooted in Euclidean thinking and
encourages students and teachers alike to explore new dimensions of spatial reasoning (Mafarja et al.,
2022; Jumaera et al., 2024; Rachmanto & Akande, 2024; Suroso et al., 2024). Mastery of this concept
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not only enriches mathematical understanding but also deepens the appreciation for the theoretical
foundation of space, logic, and abstraction.

The teaching of non-Euclidean geometry presents both challenges and opportunities in
mathematics education. For teachers, the abstract nature and unfamiliar axioms of non-Euclidean
systems—such as hyperbolic, elliptic, and spherical geometry—can be difficult to convey using
conventional instructional methods (Alaowffi & Alharbi, 2021; Setiawan et al., 2023; Worachak et al.,
2023). Moreover, students often rely heavily on their prior understanding of Euclidean geometry, which
can create cognitive dissonance when introduced to non-Euclidean principles (Bao, 2020; Lauc et al.,
2020; Zulkhi, 2024). In order to facilitate more effective learning, there is a need for innovative
teaching approaches that not only convey theoretical content but also promote conceptual understanding
through engagement and visualization (Khadavi & Maulana, 2020; Eroglu, 2022; Mazmurrini et al.,
2023).

Despite the recognized value of non-Euclidean geometry, research in mathematics education
continues to focus predominantly on Euclidean concepts ( Pajk et al., 2021; Hasibuan & Nugraha, 2023;
Sari et al., 2023). Consequently, pedagogical strategies and instructional technologies specific to non-
Euclidean geometry remain underexplored (Matias, 2020; Castellvi et al., 2022; Kovalenko &
Hontarenko, 2023). Many teachers, as highlighted by Tachie (2020) still struggle with foundational
Euclidean concepts, which in turn hinders their ability to effectively introduce non-Euclidean topics.
This underscores a significant gap in both teacher preparation and curriculum development, particularly
concerning the integration of technology to support the learning process of non-Euclidean geometry.

Several studies have attempted to address this gap through innovative methods. For example,
Ferrarello et al. (2019) investigated the use of GeoGebra software to visualize non-Euclidean structures.
Ceramic panel designs inspired by Escher-style tessellations to teach symmetry (Hall et al., 2019).
supported by Kotarinou and Stathopoulou’s (2012) study exploring drama-based learning, while
Although this method offers a creative alternative, the use of structured didactic frameworks such as the
Theory of Didactic Situations (TDS) in e-learning environments has not been adequately investigated.

The novelty of this study lies in the integration of the Theory of Didactic Situations (TDS) into
an e-learning platform to transform mathematical knowledge, specifically in teaching non-Euclidean
geometry to mathematics teachers. While previous approaches have focused on creative tools or media,
this study emphasizes the application of didactic theory that structures the learning environment around
purposeful interactions and problem-based exploration. The Theory of Didactic Situations provides a
theoretical framework that allows teachers to engage in autonomous learning and conceptual
construction, supported by dynamic and visual digital resources (Alhassan et al., 2023; Hinojosa et al.,
2020; Siddique et al., 2025). This approach not only improves understanding but also addresses
common conceptual and procedural errors associated with the axiomatic structure and visualization of
non-Euclidean spaces (Cebesoy & Yeniterzi, 2016; Berenguer-Rico & Wilms, 2021; Angelia et al.,
2023).

Therefore, this study aims to transform mathematics teachers’ understanding of non-Euclidean
geometry through an e-learning platform based on the Theory of Didactic Situations (TDS). Using a
multiphase mixed methods (MMM) approach, the study involved three stages: (1) developing
instructional content integrated with TDS principles; (2) conducting a quantitative analysis to measure
teachers’ understanding and engagement with non-Euclidean concepts; and (3) conducting a qualitative
analysis to explore the types of errors teachers experience and how the platform addresses them. The
results are expected to contribute to the development of effective instructional designs for non-
Euclidean geometry in pre-service and in-service teacher education.

This research adopted a multiphase mixed method (MMM) design, which included a qualitative
phase, a quantitative phase, and another qualitative phase. The MMM design was selected because it
integrated qualitative and quantitative methods in parallel, enabling a deeper understanding of the
studied phenomenon (Rosanti et al., 2022; Djou et al., 2023; Engelschalt et al., 2024). Each phase
served a distinct purpose, with the results of one phase informing or shaping the next, thereby ensuring
a comprehensive analysis (Tulabut et al., 2018; Ugwuanyi, 2022; Ocktaviani et al., 2024). The research
began with a qualitative phase focused on designing e-learning platform based on TDS. This design
incorporated Situations of Action, Situations of Formulation, Situations of Validation, and Situations of
Institutionalization (Madhankumar et al., 2021). Subsequently, the analysis proceeded to the
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guantitative phase, where the impact of the e-learning platform on mathematics teachers' knowledge of
non-Euclidean geometry was assessed. The final phase involved a qualitative analysis through
interviews and an examination of errors in solving non-Euclidean geometry problems. An overview of
the MMM stages was described in Figure 1.

Design Online Learning
Content

Analyze Teacher's
Thinking Process

Developing content based on
TDS stages

Conducting interviews and
analyzing responses

Conduct Experimental
Process

Measuring e-learning impact on
knowledge

Figure 1. MMM stages

In this research, TDS (Brousseau, 1997) was integrated into e-learning platform to enhance the
learning experience. During the Situations of Action phase, users independently explore concepts
through initial materials and exercises, fostering foundational understanding. In the Situations of
Formulation phase, users discussed and refined their ideas with friends or teachers through e-learning
discussion forums. The Situations of Validation phase involved verifying understanding by comparing
user-generated solutions with formal concepts. This could be facilitated through synchronous sessions
on platforms such as Zoom or Microsoft Teams or by providing clear conclusions. Finally, in the
Situations of Institutionalization phase, a confirmed concept was reinforced through assessments,
particularly end-of-semester exams. The relationship between e-learning stages and TDS phases was
presented in Figure 2.

D

* Teachers explore — * Teachers verify Situations of
non-Euclidean Situations of understanding in Institutionalization
concepts Formulation Synchronous via “
independently Zoom or Ms
th_o‘ug‘h Times sessions Giving final
lnltlatgoil . « Teachers with lectures semmesfer exams
materials an formulate and
LIRS discuss ideas

through
discussion
forums

Situations of

Situations of Action

Validation

Figure 2. TDS integrated e-learning design framework

The integration of e-learning based on TDS followed a One-Group Pretest-Posttest Design,
involving a single group of teacher participants. This program spanned seven sessions, each lasting two
weeks (as detailed in Table 1). An illustration of the research implementation framework was provided
in Figure 3.

Page | 580



Jurnal llmiah IImu Terapan Universitas Jambi

Table 1. Context of Material and Time

No Material Time per Session Source
1 Geometry Axioms 2 Weeks https://elearning.ut.ac.id/
https://pustaka.ut.ac.id/reader/index.php
2 Affine Geometry 2 Weeks elearning.ut.ac.id/
https://pustaka.ut.ac.id/reader/index.php
3 Projective Geometry 2 Weeks elearning.ut.ac.id/
https://pustaka.ut.ac.id/reader/index.php
4 Inversive Geometry 2 Weeks elearning.ut.ac.id/
https://pustaka.ut.ac.id/reader/index.php
5 Sphere Geometry 2 Weeks elearning.ut.ac.id/
https://pustaka.ut.ac.id/reader/index.php
6 Hyperbolic Geometry 2 Weeks elearning.ut.ac.id/
https://pustaka.ut.ac.id/reader/index.php
7 Elliptic Geometry 2 Weeks elearning.ut.ac.id/
https://pustaka.ut.ac.id/reader/index.php
[ Introduction } I Week
1 Week

( E-learning based on didactic situation theory | 7 weck
(N=20)

[ Post-test ’ 1 Week

Figure 3. Implementation design

The sample in this study consisted of 20 mathematics teachers from junior and senior high
schools in 39 provinces in Indonesia. Among the participants, 6 were male, and 14 were female, with an
age range of 28 to 54 years. The sampling technique used was the purpose sampling technique. with the
sampling criteria that teachers have diverse teaching experiences, offering various perspectives for
analysis. The instruments used included content development guidelines, observation sheets, interview
guidelines, and a mathematics knowledge test for teaching (MKT). The content development guidelines
were designed to collaborate with the e-learning concept and TDS, which include Action Situations,
Formulation, Validation, and Institutionalization (Ruiz & Gallagher, 2025). The guidelines aim to
support the development of teachers' mathematical understanding of non-Euclidean geometry concepts
(Saputra & Fahrizal, 2019). In addition, observation sheets were used to document the development
process and interactions during the e-learning integration. The interview guidelines explored the types
of errors made by teachers when solving non-Euclidean geometry problems. In the MKT test, pre-tests
and post-tests were given to measure the improvement of teachers' understanding, as presented in Table
2.
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Table 2. Indicators and Example Test Questions

No Indicator Example
1 Able to use the axiom of connection Given a homogeneous coordinate system for the
to prove related theorems. two-dimensional projective space P? with
2 Able to use the fundamental coordinates ( x,y, z). Suppose there is a projective
theorems of Affine Geometry to transformation defined by the 3 x 3 matrix as
prove Ceva's Theorem. follows:
3 Able to determine the image of a line 0o 1 7
under a projective transformation. P = <4 5 3)
2 =2 2

A line in the projective space is given by the
homogeneous equation: 3x — 2y +z = 0.
Determine the image of this line under the
projective transformation given by the matrix P.
Explain the steps used to determine the image of the
line and interpret the result in the context of
projective geometry.

The data obtained from interviews and observations were analyzed using content analysis
consisting of several stages. These stages included raw data collection, data understanding, open coding,
axial coding, theme refinement, and theme reporting, as detailed in Figure 4.

Collecting Raw Data

Refining Themes

Figure 4. Content Analysis Process

The research process began with the collection of raw data from e-learning activities, including
discussion outcomes and assignments. The data was then analyzed in several steps. First, the analysts
became familiarized with the data to identify initial patterns. This was followed by open coding, where
specific units such as statements or actions were assigned codes. Subsequently, axial coding was
applied to uncover relationships between categories. The main themes were refined by aligning the data
with the identified categories, and the final themes were systematically reported to provide
comprehensive insights into the effectiveness of TDS-based e-learning design and implementation.
Furthermore, descriptive statistics were used to analyze data from assignments and discussions in
sessions 1-12, with the average final scores calculated. Test data was analyzed using a one-sample t-test
to measure changes within the group, controlled for individual variation, and assessed the impact of the
e-learning based on TDS.

Before participating, all teachers received detailed information about the research objectives,
procedures, benefits, and potential risks. Participation was voluntary, and teachers provided informed
consent by signing a consent form. Confidentiality and anonymity were maintained by assigning
identification codes and securely storing data in password-protected digital archives accessible only to
the analysts. Participants had the right to withdraw from the analysis at any point without consequences.
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To ensure minimal risks, the research offered flexibility in scheduling surveys and interviews. All
collected data was securely stored and would be deleted after a predetermined retention period.
Furthermore, the research obtained approval from the relevant ethical review board, adhering to ethical
standards in educational contexts. Throughout the analysis, participants were treated fairly and
respectfully, without discrimination based on gender, ethnicity, or background. The contributions of
these participants were valued and acknowledged.

RESULTS AND DISCUSSION

E-Learning Design Based on TDS

The e-learning platform used in this research was based on the Learning Management System
(LMS) provided by Universitas Terbuka. It was designed to facilitate online access to lecture materials,
assignments, exams, and interactions with teachers and friends. This e-learning system supported
diverse learning methods, including lecture videos, discussion forums, online quizzes, and digital
teaching resources, which were accessible at any time. An illustration of the platform's interface was
shown in Figure 5.

Instructions for Login Enter username and password

[ = =
==

Selamat Datang di E-
Learning UT ’ \ v

Figure 5. Front view of e-learning

The platform's login page required users to enter their username and password to access the
system. Once logged in, teachers were directed to the main dashboard, which featured various learning
tools. The dashboard allowed users to manage course materials, create quizzes, and monitor students'
progress. Additionally, it included a Discussion Forum for interactive communication between teachers
and users and provided access to Online Tutorial Accounts, simplifying the management of learning
activities and communication with users.

Preliminary menu display Menu of course stages that users must follow
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Figure 6. Course Menu and Main Menu Display
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After logging in, users could select the courses they wish to access, as shown in Figure 6. For
instance, upon selecting the "Geometry" course, users were presented with a menu and a sequence of
activities organized into an introductory section and sessions 1 through 12. The introductory section
provided essential information, including course objectives, material indicators, session overviews,
activity guidelines, rules, reading resources for each session, and instructions for face-to-face virtual
sessions conducted through Zoom.

Before proceeding with the activities outlined for each session, users must first review the
materials available in the "Geometry" teaching module. These materials could be accessed through the
link:  https://pustaka.ut.ac.id/lib/mpmt5201-geometri-suplemen/. The teaching module included
comprehensive materials, exercises, and formative tests for users to complete. The virtual reading
interface for these materials was detailed in Figure 7.

€0 sutiistacd
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Figure 7. Virtual Reading Room for Geometry Material )

Upon completing the review of a given chapter, users proceeded to engage with the
corresponding session activities on the e-learning platform. For instance, after studying Chapter 1 in the
teaching materials, users began Session 1 within the e-learning system. This step-by-step method
ensured a structured learning experience, seamlessly integrating teaching materials with the activities
outlined on the platform.

e . InitiationMenu
Main View of each Session Attendance Menu / Training Menu

/ /

Explanation of instructions and material studied in cach session Discussion Menu

Figure 8. Core View of Each Session

In the core view of the e-learning platform, 6 menus were available, including Greeting,
Attendance, Initiation Material, Practice Questions, Discussion, and Closing (Figure 8). Additionally,
direct interactions were conducted during sessions 3, 6, 9, and 12 through Zoom or Microsoft Teams.
The e-learning design, which included initiation materials and practice exercises derived from both
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teaching materials and other resources, aimed to provide participants with an independent understanding
of initial concepts. These initiation and practice materials supported the Situations of the Action stage.
In the Situations of Formulation stage, users were encouraged to formulate ideas and discuss concepts
they had learned. This was facilitated through the Discussion menu, as detailed in Figure 9.

Diskusi8

. Tentukan Longitude dan Colatitude dari fitik B (\% - %%)

. v 5L 2 %3 ’
2. Tentukan peta (image) dari titik B(ﬁ"ﬁ‘ﬁ) terhadap transformasi
v N N

1(r3)

Figure 9. Discussion Menu

During the Situations of Validation stage, users verified their understanding by comparing their
answers or solutions with formal concepts. This stage was supported by live sessions conducted through
Zoom or Microsoft Teams with teachers (Figure 10). Lastly, in the Situations of Institutionalization
stage, the concept that have been verified and solidified become part of broader knowledge. This was
reinforced through access to online teaching materials available in the virtual reading room, which

served as a learning reference.

Figure 10. Synchronous Proces

Impact of E-learning based on TDS
To evaluate the effectiveness of the learning process, this research assessed the participants'

performance in discussions. Discussion topics were designed to include problem-based questions that
participants were required to answer. An example of such a question was shown in Figure 9. Each
participant submitted their answers to the discussion forum, where other participants could respond to
the answers provided. Teachers then assessed the participants' responses, and the performance data from
discussions conducted in sessions 1 to 12 was presented in Table 3.
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Table 3. Average result data from Discussion
Discussion Participants Average Score Standard Deviation Score

1 20 85.8 5.74
2 20 79.75 8.74
3 20 85.15 221
4 20 88.4 1.57
5 20 84.74 1.88
6 20 85 1.33
7 20 84.8 0.89
8 20 915 1.73
9 20 84.25 1.48
10 20 84.25 1.07
11 20 89.2 2.57
12 20 88.85 2.54

The analysis of Table 3 showed that participants' performance in discussions was relatively
stable, with average scores ranging from 79.75 to 91.5. The lowest average score occurred during the
second discussion session, which also had the highest standard deviation (8.74), suggesting significant
variation in participants’ understanding. Conversely, the eighth discussion recorded the highest average
score (91.5) with a low standard deviation, showing a strong understanding of the material by
participants in that session. In summary, participants' scores improved and stabilized between the fourth
and eighth discussions, though slight fluctuations were observed in the later sessions. The relatively low
standard deviations across most sessions showed that participants’ understanding was generally
consistent, even though certain topics proved to be more challenging. This showed participants'
progress throughout the discussions. The trend in discussion scores was showed in Figure 11.

861 —e— Average Score
Std Dev Range
85} =

84r

Average Score

Task 1 Task 2 Task 3
Task

Figure 11. Trend of Discussion Score Development

Data were analyzed from tasks 1, 2, and 3, focusing on the number of participants, average task
scores, and standard deviations. The results of this analysis provided insights into the development of
participants' performance across different tasks.

Table 4. Average scores for tasks 1, 2 and 3
Task N Average assignment score Standard deviation of task scores

1 20 821. 2.19
2 20 84.7 1.01
3 20 84.85 1.01

From Table 4, it was evident that the average task scores increased progressively from Task 1 to
Task 3. The average score for Task 1 was 82.1, with a standard deviation of 2.19, showing a slightly
higher variation in participants' performance compared to subsequent tasks. In contrast, Tasks 2 and 3
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showed improved average scores of 84.7 and 84.85, respectively, accompanied by a lower standard
deviation of 1.01. This suggested more consistent scores among participants, as detailed in Figure 12.

861 —8— Average Score
Std Dev Range
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Task 1 Task 2 Task 3

Task
Figure 12. Trends in Task Scores

After the completion of 12 learning sessions, participants were administered a post-test to
evaluate their understanding of the studied material. This post-test aimed to assess the extent of
improvement in participants' skills after completing learning process. The descriptive statistics of the
post-test results were presented in Table 5.

Table 5. Descriptive Statistics

Std.

Std. Error

N Mean Deviation Mean
Post-test 20 83.5000 11.65965 2.60718

Results

The analysis of the post-test data showed an average score of 83.50 among the 20 participants,
showing a generally high level of achievement well above the standard threshold of 65. However, the
standard deviation of 11.66 highlighted considerable variation in scores, reflecting differing levels of
understanding among participants. The standard error of the mean, calculated at 2.61, showed a
reasonable level of accuracy in estimating the population mean, with minimal potential for large
fluctuations. While the average score suggested strong performance, the substantial variation in scores
underscored the need for further evaluation of individual participants understanding.

Table 6. Tests of Normality

Shapiro-Wilk
Statistic df  Sig.
Posttest Results .952 20 405

Table 7. One-Sample Test
Test Value = 65
95% Confidence Interval of the

Mean Difference
T df Sig. (2-tailed)  Difference Lower Upper
Posttest Results 7.096 19 .000 18.50000 13.0431 23.9569

The results of the Shapiro-Wilk normality test (Table 6) confirmed that the data followed a
normal distribution (p = 0.405). Consequently, a one-sample t-test (Table 7) was conducted to compare
the class average to the standard benchmark of 65. The t-test results yielded a t-value of 7.096 with p <
0.001, showing that the class average was significantly higher than the standard benchmark. This
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showed that the participants' understanding of non-Euclidean geometry was statistically superior to the
minimum expected level, classifying their comprehension as highly satisfactory.

Error Analysis After Implementation of E-learning based on TDS

Despite most participants achieving scores above the benchmark of 65, an error analysis
showed recurring mistakes in two specific topics, including hyperbolic and spherical geometry. Figure
13 presented the types of errors identified in these areas.

r— Errars in Notation and Writing Formulas

—{ Hyperbolic Geometry }—

— Conceptual Erors in the Hyperbolie Pythagorean Theorem

r—Errors in Using Hyperbolic Identities
— Errors in the Hyperbolic Triangle Area Formula

— Errors in Calculating the Area of a Spherical Triangle

Non-Euclidean geometry ]——[ Sphere Geometry ]—— Errors in Value Calculation r

—Errors in Notation and Presentation of Answers

Errors in Calculating Triangle Angles
—[ Elliptic Geometry ){ Errors in Calculating the Area of a Triangle
Errors in understanding notation and symbols

Figure 13. Types of errors

In solving hyperbolic geometry problems such as those in Figure 13, there were several types of
errors that could be identified in solving the hyperbolic geometry problems.

1 e duienhyi cegioge Wpedbglly AMGG Sioetity A If it is known that the hyperbolic triangle
Yoo shme sl (4 o ) dengan prung 1541 ey AABC is right-angled in A the same way the
— | leg (AB = AC) with the length of the sides

AU gudn B, B, dan( matn RnMAG o e opposite the vertices A, B, and C then
barlko e 0,0l dciicn'ninc the formula that applies to a, b
and c!

Figure 14. Hyperbolic Geometry Problems

When solving the problem, some participants often use the notation of the hyperbolic geometry
mode incorrectly. Some of the notations used seem confusing and inconsistent. In the section on using
the hyperbolic Pythagorean theorem (see Figure 14), there was inconsistency in the notation. For
instance, the symbol such as cosh?(c) = cosh?(a) was used without a clear context. The symbol
cosh?(c) = coshP(a) was not written correctly and could confuse readers because there was no clear
rule regarding the exponent in hyperbolic geometry. Furthermore, the steps involved in calculations and
transformations of equations did not always show how one step transitioned to the next, leading to
logical errors. The next error was related to the conceptual error in the hyperbolic Pythagorean theorem.
While the Pythagorean theorem in Euclidean geometry stated c¢? = a? + b? for a right triangle, in
hyperbolic geometry, this relationship changed to cosh(c) = cosh(a) + cosh(b). Conceptual errors
occurred when students miswrite or misinterpret this formula. The answer might state that “because it
was a right angle, the Pythagorean theorem applied to hyperbolic triangles” but the transformations
performed did not follow the correct rules. In the step cosh?(c) = cosh?(a), the form that complied
with the hyperbolic rules should be used, namely cosh(c) = cosh(a)cosh(b) instead of the standard
quadratic form (See Figure 15). Errors often occur when students use hyperbolic identities in an
inappropriate way or do not match the conditions given in the problem. For instance, the use of
cosh?(c) = cosh?(a) without explaining its mathematical basis. The error in the simplification
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cosh(c) = cosh(a)cosh(b) should obey the basic form of the hyperbolic identity, which was not
always true without additional conditions. The hyperbolic identities used in the calculation steps needed
to be further clarified and corrected.

Karena ¢ama LAl , males bec
b a karene ciko - SIEU mals Perlalo
Leorena Phagorsy packs Segihgs hiperelice
o cheh, Herseout | yals

Cosh Co)coshCe) = cosh(a)

Karere oz ™mamlka cosh b= coshe

Notational inconsistencies
codn (o) coshib) = cosh(a) /

Cosh’(b) = Ccoshia)

GCeoirv po=

Cosh (e) cosh (e = Tosw (&) / Conceptual Error
Cos\* (o) = CostER)

dengan Remiltian (Umvs Yavrg berlalw

L
@ Gib; ‘& alnlab / Errors in Using Hyperbolic Identities
Cosh (a) = Cost(b) =cosh?Ce)d ‘

Cosh (0)« Jexhiad
cos (e)= m)
Figure 15. One of the participant's answers

The next error was the error in using the hyperbolic triangle area formula. The area of a triangle
in Euclidean geometry was calculated using the formula LA= %base x height. However, in hyperbolic

geometry, the area of a triangle was given by LA=m — (A + B + C). The error occurred when the
participants tried to adjust this formula without considering the conditions of the triangle given. For
instance, an answer stated AABC = m — (A + 2B), which did not match the general formula for the area
of a hyperbolic triangle. This error showed students were yet to understand the concept that the sum of
the angles in a hyperbolic triangle was always less than m, as detailed in Figure 16.

) f (I Find the area of the hyperbalictrangle
Lokt Ly (9t W i g
‘ b bl skl AABC right-angled at A with inerior
Bk ogen gt oo 1 anglesrand !

|
-

Figure 16. Error in using the hyperbolic triangle area formula

Next, when participants are given problems as in Figure 17.

Las Seqtngs iperbolil DARL = TC ~ (A4B+C)
Kaltn gammn Ual (AR = AC)male bLegar sudwt @ =C , Shy
LAABL = - (A438) oxav [ 2a8Ls TC- (A+aC)

Errors in the Hyperbolic Triangle Area Formula

Figure 17. Second problem

In hyperbolic geometry, the formula for the area of a triangle was LA=m — (A + B + C),
where A, B, and C were the interior angles of the hyperbolic triangle. The answer in the image (A=m —
(A+ a + B)) used this formula correctly, but there was an error in the angle substitution. In fact, in a

right triangle at A, angle A should already be known as g making the correct formula to be LA=m —
(g + a + ). The correction needed was to use the value A = g from the beginning to get the correct
result, namely LA=m — (g +a+p)or LA= %— (a + B). Also, in hyperbolic geometry, the sum was
always less than n. The error in the answer stated that "a right angle in hyperbolic geometry was less
than 90°atau % This was not true in hyperbolic geometry, where a right angle was still 90°atau % but
the sum of the angles of a triangle was less than 180° or w. The correction needed was to state that A =
gwithout doubting its size because the property of right angles was still applied in hyperbolic geometry
(See Figure 18). Another error that was observed in the answer was the way it was written and
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explained concept. The notation and thought process were not perfectly explained, making it difficult to
follow how the answer arrived at the result. It did not explicitly explain why A = % must be directly
substituted into the formula for the area of a triangle.

c Errors in the Hyperbolic Triangle Arca Formula

\AAAskAkBC = 1C - LAA—G«-:\‘
= -(A+dep)

A [} Keirera pads Wwperbolil geomeir WwR¥IAWGC
alhiwa sudot dalan seartga Mual A, 8, dan
Errors in Understanding | & s bestako leahws  ArerC (80"

Hyperbolic Triangle Angles ) i auaion. Slitesreties g
Sirerbolite geomanyi lesarmys Ceommngctan

3 gs "9
2T OUmL = . selanggs AL L

\<asomeulsn: Pafa cequngs Lpertolic ABe Liatar

Yerao |Wg DOABC = e~ Ch*d*ﬁ)l Rengan A<E .

Error in notation

Figure 18. Errors in notation

Next, in solving problems related to spherical geometry (See Figure 19).

) 3o i P 1B, 2 ot bkt .
) duo A P(m 1 )

—

If P(r, 7 12) is known, determine the
(et 9 dn Lode 0" longitude 8, Colatitude ¢ and Latitude ¢!

Figure 19. Spherical Geometry Problems

The participants made an error in calculating r, using the formula r = \/x? + y? + z? with x =
1 A 1 . . . 1\2 V3 2 112
PN AN AN However, they were correct in writing r = \/(—) + (—) + (\/—5) . Another

2V2 2V2

error observed was the final result written as r =1, which should be = % . The value of r being # 1

was considered an error in simplifying the result, as shown in Figure 20.

Koordinat Karteswarn P diberixan
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Y= r sin (F) sm(0)
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-
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Figure 20. Error in calculation

Another error was observed in calculating Longitude 6. Longitude 6 was calculated using 8 =

tan™! ( ) The answer showed 8 = tan™! (?), but the final result was written as 6 = 60° atau g This
showed that there was an error in the calculation process.
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-{ Providing initiation materials
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_[ Giving final semester exams ]—»[ Situations of Institutionalization ]

Figure 22. TDS-based e-learning design

The e-learning design developed in this study shows a close relationship with the stages in the
Theory of Didactic Situations (TDS) as depicted in Figure 22. In the early stages, the material is
presented in various formats—text, video, and other learning resources—which serve as stimuli to
encourage students' independent exploration. This is in accordance with the “situation of action” stage
in Brousseau's theory, where learners begin to understand concepts through initial interactions with the
material. Showing that independent exploration in e-learning increases students' engagement and
understanding of the material (Mulqueeny et al., 2015; Al-Doghan and Piaralal, 2024, Bayaga and
Alexander,2023), support this finding by.

In the next stage, providing practice questions allows students to build a deeper conceptual
understanding, in line with the “situation of formulation” stage. Discussion forums in e-learning also act
as a medium for validating students' understanding, which reflects the “situation of validation” stage in
TDS. In this forum, understanding is tested through argumentation and justification between
participants. This finding is in line with the research results of Hew and Cheung (2014), and Lo and
Hew (2020), which stated that online discussions can significantly improve students' conceptual
understanding. Synchronous sessions, such as online lectures and live Q&A, have also been shown to
support more effective validation of understanding than fully asynchronous learning (Martin et al.,
2021; Romero-Hall, 2024; Lanawaang & Mesra, 2024). The last stage, namely the final exam, functions
as a stage of "institutionalization,” where the concepts that have been learned are integrated into
students' cognitive frameworks to be applied in various contexts.

Quantitatively, the implementation of TDS-based e-learning showed a significant increase in
understanding the concept of Mathematical Knowledge for Teaching (MKT) of non-Euclidean
geometry. The t-test results showed a value of t = 7.096 with a significance of p <0.001, indicating that
the average class score was higher than the set benchmark. Which showed that blended e-learning was
more effective than the fully asynchronous method (Yumiati et al., 2024; Mokoginta & Mokwena,
2024)). In addition, Moreno-Guerrero et al. (2020) and Shida et al. (2019) showed that e-learning can
increase motivation, participation, and understanding of mathematical concepts through active
engagement and metacognition. Interactive visualizations such as GeoGebra and personalization
features in e-learning also support flexibility and independent learning according to the pace of each
participant.

Various previous studies support these results, both in terms of effectiveness and challenges in
implementing e-learning in learning non-Euclidean geometry. Showed that students' spatial intuition
formed from Euclidean geometry experience is a major obstacle in understanding non-Euclidean
concepts (Jones ,2002; Costa, 2017). The lack of interactive learning media as a factor that causes
difficulties in understanding hyperbolic and elliptic geometry (Hadadi, 2018; Sukri et al., 2024).
Emphasized the importance of physical and visual approaches in facilitating students' understanding of
non-Euclidean space, such as the use of saddle or spherical surfaces. This shows that conventional
teaching strategies have not fully addressed the conceptual challenges faced by students.

The novelty of this study lies in the comprehensive integration of e-learning design with the
stages in TDS that are systematically applied to non-Euclidean geometry material. This study not only
shows statistical effectiveness, but also reveals in depth how each stage of TDS can be contextualized in
e-learning features such as independent exploration, discussion forums, and synchronous sessions. In
addition, this approach is specifically applied to strengthening teacher MKT, which has not been widely
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explored in the realm of technology-based non-Euclidean geometry (Aisyah et al., 2023; Oktasari,
2024). The emphasis on the formulation and validation stages through digital interaction also shows a
new contribution in creating an online collaborative learning space that encourages high-level thinking
processes.

However, this study has limitations. Error analysis shows that although TDS-based e-learning
successfully improves general understanding, there are still significant conceptual, procedural, and
definitional errors, especially in understanding non-Euclidean axiomatic systems and space
visualization. The implication of this finding is the need for further development of interactive media
and visualizations that are able to represent the characteristics of non-Euclidean space more concretely.
The implementation of problem-based learning strategies and exploratory approaches is also
recommended to deepen students' learning experiences. Thus, innovation in instructional design
remains the main key to improving non-Euclidean geometry literacy among both teachers and students.

The conclusion of this study shows that the developed e-learning design is in line with the TDS
theory through the stages of action, formulation, validation, and institutionalization, and is statistically
proven to improve teachers' understanding of non-Euclidean geometry MKT concepts (t = 7.096, p <
0.001). This e-learning is able to encourage motivation, engagement, and conceptual understanding
through self-exploration features, online discussions, and synchronous sessions such as lectures and
Q&A. However, errors were still found in understanding non-Euclidean geometry concepts, especially
in hyperbolic, spherical, and elliptic geometry, due to a lack of understanding of the axiomatic system
and difficulty in visualizing space. Therefore, it is recommended to use visual and interactive methods
such as interactive visualization and simulation software, as well as the integration of problem-based
and exploratory learning strategies to improve non-Euclidean geometry literacy as a whole.
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